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Preface

The behavior of a structure under applied loads is of utmost importance to engineers. Most engineering
problems are nonlinear from the beginning or they become nonlinear at higher load levels. The finite
element method (FEM) is widely used for solving the engineering problems in solid and structural
mechanics. Solving nonlinear problems using FEM is a challenging task even for an experienced analyst.
A structure could exhibit nonlinear behavior in many different forms and there could be a number of
different sources of nonlinearity. Solving nonlinear problems could be baffling to a novice user. One of the
most difficult decision facing an analyst is to decide whether a nonlinear analysis is really required for a
given problem.

Many books are available on the topic of nonlinear finite element analysis describing mathematical
background and available algorithms for solving such problems. These include the topics such as
continuum mechanics, constitutive equations and stiffness matrix formulation etc. These books give a
detailed insight into the theory, however these are not sufficient for a CAE Engineer/Analyst to solve the
nonlinear problems in a FEA software. To fill this gap, this book aims to provide practical information to
perform complex nonlinear analysis in Abaqus, a leading FEA software. It presents only the basic theory
that is necessary for an analyst involved in performing analysis using commercial software. It is
fundamentally different from the conventional books in the way that it adopts Problem-Based Learning
approach. It consists of a large number of tutorials providing intensive instructions to perform analysis of
nonlinear problems.

The first part of the book presents theoretical background and gives an overview of the physics involved in
nonlinear problems. It gives a detailed overview of sources of nonlinearities in structures and solution
algorithms. In the second part, tutorials are presented.
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1. Introduction

The behavior of a structure under an applied load is of utmost importance to engineers. The gross behavior
of a structure can be characterized by a load-displacement response. In a load-displacement response
diagram, a representative applied force is plotted against a representative displacement quantity. Each
point on a load-displacement curve represents a state of the structure and called an equilibrium point. The
load-displacement curve is also called equilibrium path. If the relationship between applied load and
displacement is linear, the response of the structure is said to be linear. Figure 1 shows the response
diagrams for a linear and a nonlinear problem. Most engineering problems are nonlinear from the
beginning or they become nonlinear at higher load levels. A number of such problems can be
approximated by a linear system if a number of restricting conditions are met. There are several advantages
of solving problems as linear ones. First it is easier to solve linear problems furthermore the computational
cost is significantly less as compared to solving a nonlinear problem. However there are also a large
number of problems where it becomes necessary to perform the nonlinear analysis e.g for sheet metal
forming and impact problems.

Load
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n
»

n
>

Displacement Displacement

Figure 1: Response diagrams: Linear (left) and nonlinear response (right)

2. Linear Response

When a force is applied to a structure, it generates stresses in order to balance the applied force. These
stresses are the result of reaction to the deformation of the material. As the shape of the structure deforms,
strains are generated. At the global level, these strains result in the displacement of a point e.g. the end of a
rod. These displacements can be measured directly. Figure 2 depicts the relation of physical quantities in a
structure. The structure is considered linear if the relation among force, stresses, strains and displacement
is linear. If any of the relation is not linear, then structure’s response also becomes nonlinear.

Linear Linear Linear
Displacement Strains Stresses Force

Figure 2: Structure of linear problems in solid mechanics

Let us consider a rod subjected to a force F as shown in the Figure 3. After the application of the force, the
rod elongates and cross-sectional area A, of the undeformed rod becomes A . The stress in the rod can be

computed by o =F/A . But this relation is nonlinear as the area A depends on the applied force
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F, A= A(F) . As the force increases, the area decreases. However, if the load is small we can assume that
A~ 4, and stress can be approximated by o = F/4,. With the assumption of small load, the relation

between applied load and stress becomes linear.

Undeformed Deformed
F | F
—> | >
V\ L_____________: v\A
Ao

Figure 3: A rod subjected to an external force

Figure 4 shows the stress-strain graph for a typical metal. Initially the stress is linearly proportional to the
strain and after reaching a critical point (yield point) the curve becomes nonlinear. In the linear region
slope of the line stays constant and corresponds to Young’s modulus (E). In this region, the relation
between stress and strain is given by Hook’s law, o = E¢ . So for the relation between stress and strain to
be linear, the stress must be less than the yield strength of the material.

A

Stress

v

Strain

Figure 4: Stress-strain graph for a typical metal

Again consider the rod subjected to the force F as shown in the Figure 5. After the application of the force,
the rod elongates by AL and its length becomes L. A strain increment in the rod at a given instant can be
computed by de =dL/ L. But this relation is nonlinear as current (instantaneous) length, L, depends on the
length increment, dL. However, if the deformation is small we can assume that L~ [, and strain

increment can be approximated by de =dL/L,. So with the assumption of small deformation, the relation

between strain and displacements becomes linear.

[ Lo I l«
| | A

V.

5 >

Undeformed Deformed

Figure 5: A rod subjected to an external force



Therefore by assuming small deformation, the relation among force, stresses, strains and displacement
becomes linear and the structure is said to be linear.

3. Nonlinear Response

A nonlinear structure can show an arbitrary shape of response curve but there are some typical shapes of
response curves that are common in literature. These typical response patterns are shown in the Figure 6.

v
v
v

(a) Stiffening (b) Softening (c) Snap-through
A A A
B B
(d) Snap-back (e) Bifurcation, stable postbuckling (f) Bifurcation, unstable postbuckling

Figure 6: Nonlinear response curves

The response illustrated in Figure 6 (a) shows stiffening effect. This is mostly exhibited by structures
where membrane effects become significant as the load increases. The response illustrated in (b) shows
softening effect. This could be due to material behavior e.g. yielding. The response illustrated in (c) shows
snap-through. In a snap-through problem, structure releases energy which appears as a load drop in the
response curve. This release of energy causes an instability in the system. The response illustrated in (d)
shows snap-back. In a snap-back problem, structure behavior is almost similar to snap-through but the
curve turns backward. The response illustrated in (e) shows bifurcation. In a bifurcation problem, more
than one response path are possible. Bifurcation problem is also know as buckling. The response illustrated
in (f) also shows bifurcation but in this case, the postbuckling response is unstable.
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The response curves presented in above diagrams show only the gross behavior of a structure without
giving any information about the source of nonlinearity. A nonlinear path can be due to a number of
different sources. The nonlinear behavior in structures can be attributed to following four sources:

Geometric nonlinearity
Material nonlinearity
Force nonlinearity
Boundary nonlinearity

AW~

In the Figure 7, the relationship among different fields is shown in solid mechanics. The body forces are
not shown in the figure as they are not very important for the problems discussed in this text. Any of the
relationship shown in the figure may be nonlinear. Figure 8, depicts graphically the nomenclature of
nonlinearities present between different fields.

Prescribed displacement

Displacement BCs

Prescribed force

Force BCs

Displacement

Strains

Stresses

Kinematic equations

Constitutive equation

Figure 7: Graphical depiction of relationship among fields in solid mechanics

Prescribed displacement

Boundary
nonlinearities

Prescribed force
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e
]
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Strains
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Geometric nonlinearities Material nonlinearities

Figure 8: Graphical depiction of sources of nonlinearities
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3.1. Geometric Nonlinearity

The kinematic equations describe how the strains within a body relate to its deformation. When the
kinematic equations describing this relation become nonlinear, the response of the body is said to be
geometrically nonlinear.

When the changes in geometry become significant as the structure deforms, kinematic relations should be
able to take this into account. In a linear problem, the deformation is assumed to be infinitesimal such that
the difference between the deformed and the undeformed geometry is insignificant and hence ignored. The
kinematic relations used in linear analysis are insufficient to take changes in geometry into account when a
structure deforms significantly. For such problems special kinematic relations are required to accurately
relate strains to the deformation.

Strain is a measure of material deformation representing the transformation of a body from a
reference configuration to a current configuration. There are many strain definitions that are used in
mechanics. Most commonly used are:

Stretch ratio

Stretch ratio measures the extensional strain of a deformed material. For the simple case of uniaxial tension,

as shown in Figure 5, it is defined as the ratio between the final and the initial length of the rod. It is
expressed as:

Engineering strain

Engineering strain (also called Cauchy strain) is expressed as the ratio of total deformation to the initial
dimension. For the case of uniaxial tension, it is expressed as

. AL
eng LO
By substituting AL = L — L, it can also be written as:
AL
Eppg =— =A—1
L

True strain
The true strain (also called, logarithmic strain or Hencky strain) considers instantaneous extension as a

fraction of the current length. For the uniaxial case, strain increment during a small extension can be
written as:

11



Solving Nonlinear Problems Abaqus 2017

In words it can be said that true strain takes into account the effect of developed elongation to further

elongation. To obtain the true strain after successive strain increments, integration of this expression gives:

gtrue = ln L_
0

Green strain

The Green strain (also called Green-Lagrange strain) is defined as:

AL 1(ALY
=T a1,
0 0

This relation is complex and does not provide much intuitive insight but this has an important property that
it is independent of rigid body rotations. We will see this shortly with the help of a simple example. It can
also be written as:

Eq =/1—1+%(,1—1)2

For geometrically nonlinear analysis there is no clear choice of strain measure. The optimal choice largely
depends on the material behavior and analysis type. Figure 9 compares three different strain measures for
the case of uniaxial loading of a rod. It can be seen that all strain measures coincide well upto
approximately £0.1 but after that they diverge.

Engineering Strain

= = True Strain

 Strain

------- Green Strain

0.1 0.2 0.3 0.4 0.5

-0.5 -0.4 -0.3 -0.2 -0.1

0
AL/L,

Figure 9: Comparison of engineering, true and green strain measures for one dimensional problem
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For an undeformed material the value of A4 is 1.0. An elastomer such as rubber band can extend by a large
factor when pulled, so the stretch ratio could have values of 2 or more. In contrast, a steel component
which is designed to respond elastically to its working loads, can stretch about 1.002 during loading. For
such cases, the stretch ratio is not a suitable measure of deformation because the numbers of interest begin
in the fourth significant digit. To avoid this inconvenience, stretch ratio is usually used only for elastic
materials undergoing large-strain e.g. rubber. True strain measure is commonly used in metal plasticity.

For linear problems it is assumed that the stiffness of the structure remains constant. The stiffness matrix is
formulated in the undeformed state and not updated with the deformation. This usually gives acceptable
results when deformations are relatively small. But when the changes in geometry become significant as
the structure deforms, stiffness of the structure keeps on changing constantly. This change in the stiffness
should be taken into account for accurate results. A geometric nonlinear analysis makes a distinction
between the undeformed and deformed states and updates the stiffness matrix as analysis progresses.
Geometric nonlinearity is exhibited in the following physical problems:

Large strain

Small strains but large displacements and/or rotations
Stress stiffening

Snap-Through

Buckling

e

3.1.1. Large strain

When the strains in a material exceed more than a few percent, the changes in the geometry can no longer
be neglected. The large changes in the geometry invalidate assumptions inherent in infinitesimal strain
theory. For the components undergoing large strain, the undeformed and deformed configurations are
significantly different, requiring a clear distinction between them. In such cases finite strain theory is used
to define the kinematic relations. Figure 10 shows a rubber seal undergoing large strain deformation.

0% 25% 50% 75% 100%

Figure 10: A rubber seal undergoing large strain subjected to a fluid pressure

To obtain realistic results from an analysis of a structure it is necessary that changes in geometry as the
structure deforms should be taken into account while setting up the strain-displacement equations. There
are many definitions of strain used for finite strain problems. Here we will discuss Green-Lagrange strain
tensor and compute the strain for a 2D body undergoing shear deformation. First we will compute the
strain using infinitesimal strain tensor and see its limitations.

13
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Infinitesimal strain theory describes the deformation of a solid body in which the displacements of the
material particles are assumed to be much smaller than the body dimensions. In tensor notation the
infinitesimal strain can be written as:

1
& zz(ui,j +uj,i)

Note that infinitesimal strain tensor is also called Cauchy strain tensor, linear strain tensor, or small strain
tensor. For a 2D body the components of the small strain tensor are

ou, 1 8ux_|_%
&1 &n oX 2oy " ox
& = =
& enl |Lfou  Ou o,
2oy ox oY

Consider a 2D body shown in the Figure 13. It undergoes a shear deformation by an angle y into a rhombus.
In the undeformed configuration a point placed at (X,Y) will then move to a new position (X,y). This new
location is given by

x=X
XH
=Y+ —
Y L
(XY) —
O

Figure 11: Deformation analysis of a 2D body undergoing shear

The displacement can be computed as

u, =x—-X=0
XH
R

By using the above definition of the infinitesimal strain, the strain components will be

14



Finite strain theory deals with deformations in which strains and/or rotations are arbitrarily large. There are
a large number of different strain measures available for large strain problems. There is no clearly
preferred measure of strain when deformation is large. For the same physical deformation different strain
measures will result in different values in large-deformation analysis. Green-Lagrange strain tensor,
denoted as E, is widely used and its components can be written as:

2 2
ou. 1|(ou ou,
E, =—+— = + -
oX 2|\oX oX

ou 2 (ou Y
B, =2, l ou, N y
oY 2|\ oY oY

1|ou, Ou,| 1|0u, ou, Ou,ou,
=55 T av | TS +—
210Y o0X | 20X oY o0X oY

This is a symmetric matrix i.e. £, = E,, . Now for the above shear deformation problem the Green-
Lagrange strain components become

2 2
E —0++|o+[ 2 :l(ﬂ
2 L 2\ L
E,=0

E, :l 0+£ +l[0+0]:lﬁ
2 L] 2 2 L

Shear strain components for both strain tensors are same but the &, and E,, differ. E,, is 0 because a fiber

originally oriented along the y-axis remains unchanged. A fiber originally oriented along the x-axis is
stretched by AL due to shear, therefore £, is not 0. It can be concluded that Green-Lagrange strain tensor

correctly computes the normal stretching due to shear. Therefore this strain measure is appropriate for the
problems undergoing large shear strains. The strain computation using small strain definition results in
erroneous solution. The error is zero when y =0, but grows with increasing angle. We can say that shear

deformation needs to be sufficiently small, in order to use the small strain definition for acceptable results.

3.1.2. Small strain but large displacements and/or rotations

The deformation of a structure may be composed of large strains, large translations or large rotations, or
any combination of them. Such structures are clearly considered to be nonlinear and require the use of
finite strain theory. The structures undergoing large displacements and/or rotation, even though strains are

15
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small, are also said to be geometrically nonlinear. In such cases finite strain theory is used to define the
kinematic relations. Figure 12 shows a cantilever beam subjected to a couple at the tip. The resulting
deformation composes of small strain and large rotation.

§—o~§-\o

Figure 12: Bending of a cantilever beam

In the following paragraphs we will compute the strain for a 2D body undergoing rigid body rotation. First
we will compute the strain using infinitesimal strain tensor and see its limitations. Later Green-Lagrange
strain tensor will be used to compute strain.

Infinitesimal strain theory describes the deformation of a solid body in which the displacements of the
material particles are assumed to be much smaller than the body dimensions. In tensor notation the
infinitesimal strain can be written as:

ou, 1{ du, +%
& €n oX 200 oX
8: =
£ En] | 1(0u,  Ou, oy
2\ 0Y oX oY
A A
Y y
——————— n
(xy) I
(X,Y) ° :
® I I
|
|
6 I
X g X g

Figure 13: Deformation analysis of a 2D body undergoing rigid body rotation

Consider a 2D body shown in the Figure 13. It undergoes a rigid body rotation by an angle 6 . In the
undeformed configuration a point placed at (X,Y) will then move to a new position (x,y). This new
location is given by

x=Xcos@—-Ysin@

16



y=Xsinf+Ycosb
The displacement can be computed as

u, =x—X=X(cosd—-1)—-Ysinf
u,=y—Y=Xsinf+Y(cosd-1)

By using the above definition of the infinitesimal strain, the strain components will be

&, =cosf-1
&,, =cosf—1
&, =—sinf+sinfd =0

For a rigid body rotation all strain components should be zero but the normal strains have non-zero value.
Even though the object has not deformed at all, the strain computation using small strain definition results
in erroneous solution. The error is zero when € =0, but grows with increasing angle. We can say that
rotations need to be sufficiently small, in order to use the small strain equations for acceptable results.

Now we will compute the Green-Lagrange strain tensor. Its components can be written as:
ou, 1 (8% jz ou, ’
E, = +— + -
oxX 2|\ oX oX
G P (ou,Y
E’22 — i + l 6“«“ + i
oY 2(\oY oY

_l|:aur + au}’j|+l|:aux aux + au}’ auyj|

279l ey ox | 2| ex oy ox or

Now for the above rigid body rotation problem the Green-Lagrange strain components become

E,, =cos0 —1+%(cos0—1)2 +%(Sin 6y =0

E,, :cos9—1+%(—sin6')2 +l(c0st9—1)2 =0

[\

E,= %(— sin @ + sin )+ %[(cos 0 —1)(—sin 0) + (sin @)(cos @ —1)| = 0

So the strain is correctly computed as zero for any value of angular rotation. It can be said that Green strain
tensor is independent of rigid body rotations. Therefore this strain measure is appropriate for the large
rotation problems.

We can conclude that for the large deformation problems, infinitesimal strain measure is inadequate.
Instead a finite strain measure which takes the nonlinear relation of displacement and strains in to account
should be used to correctly compute the strains. Both the strains and the rotations must be small for
infinitesimal strain measure to be appropriate.

17
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3.1.3. Stress Stiffening

Stress stiffening is the stiffening of a structure due to its deformed state. This normally needs to be
considered for thin structures where bending stiffness is very small compared to axial stiffness, such as
thin beams, shells and cables. Figure 14 shows a 0.4 m wide (along major axis) rubber disc pinned on
boundary edges. It is subjected to pressure loading.

Pinned

Figure 14: A flat plate under pressure load

Figure 15 shows the simulation results using linear and nonlinear analysis. Using the nonlinear analysis a
deformation of 0.14 m in the center of disc is computed. With linear analysis a deformation of 1.3 m is
predicted which is grossly incorrect. Note that scale factor is set to 0.02. Initially, the disc resists the load
only with bending stiffness. After the pressure causes the disc to be curved, the deformed geometry
exhibits additional stiffness and membrane or in-plane forces appear in the disc which are only computed
in nonlinear analysis.

In general, if the boundary conditions are such that deflection will cause in-plane tension, then the
plate/shell/beam will become stiffer with increasing deflection. Such problems may not necessarily
undergo large deformation, but they require nonlinear analysis to take the stress stiffening effects into
consideration.

a) Linear solution (scale factor: 0.02) b) Nonlinear solution (Scale factor: 1.0)

Figure 15: Simulation of disc bulging
When a geometric nonlinear analysis is performed, an additional stiffness matrix is generated which

accounts for stress stiffening. This stiffness matrix is added to the regular stiffness matrix to give the total
stiffness.

18



3.1.4. Snap-Through

In a snap-through problem, for a small magnitude of the displacement, there is dramatic change in the
behavior of the structure.

Consider the truss shown in the Figure 16. The truss has pin supports at A and B and two bars are pin-
jointed at C such that relative rotation of the bars is possible at joint. We assume that the bar is completely
linear elastic.

Figure 16: Two-bar truss

In the Figure 16, solution for the truss is shown. It can be seen that initially an increasing force is required
to move the end C downward but the force drops back to zero as the bar becomes horizontal. In the
beginning the system has positive stiffness and an increasing force is required but when the displacement is
about 0.17 m, a limit value of the load is reached. Beyond that the response is unstable and system has
negative stiffness matrix. When the bar becomes horizontal, force drops to zero. The system has negative
stiffness until a displacement of about 0.63 reaches. After that response again becomes stable and system
has positive stiffness matrix.

0.8 ./.\.

0.6 u=0
= 0.4
= 02
a g ® ® ®
g 0.2
(@] —
& 04 u=04
0.6
0.8
4 .\’/.
0 0.2 0.4 0.6 0.8
u=0.8

Displacement (u)

Figure 17: Solution for the two-bar truss system

In a snap-through problem, as the structure snaps, its load-displacement response becomes unstable. Its

response shows a negative stiffness and the structure must release strain energy to maintain equilibrium
19
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Therefore snap-through problems require special treatment. If there is only one degree of freedom involved
the problem can be solved using displacement control. For the problems involving more than one degrees
of freedom, Riks method is usually used.

3.1.5. Buckling

When a structure is subjected to compressive load, a sudden sideways deflection of a structural member
can happen. This may occur even though the stresses that develop in the structure are well below yield
strength of the material. This sudden change in the response of a structure is called buckling. Buckling is
shown schematically in Figure 18. Buckling can cause large changes in the alignment of columns or plates
which could result into folding or collapse. Buckling is a dangerous phenomenon where a small increase in
the load can lead to a sudden failure.

oo N — 7 —

Figure 18: Buckling of a column. The right illustration shows the buckled shape.

Mathematically, buckling is a bifurcation problem. In the Figure 19, two possible solutions to a buckling
problem are illustrated. At point B, called bifurcation point, there are more than one solution paths to the
problem. After this point any further load can be sustained by the structure in one of two states of
equilibrium: a purely compressive state without any lateral deviation (path BC) or a laterally deformed
state (path BD).

In the Figure 19 (a), notice that as the force magnitude is increased, the postbuckling behavior (path BD) is
stable i.e. load carrying capacity continues to increase. In other words, system has positive stiffness matrix
up to the maximum force applied. In the Figure 19 (b), a load drop in the response curve (path BD) can be
observed. Such response is unstable and system has negative stiffness matrix. In this case, structure
releases energy which appears as a load drop in the response curve.

Load
Load
@)

Bifurcation point

Bifurcation point

A A

v
v

Displacement Displacement

(a) Stable postbuckling behavior (b) Unstable postbuckling behavior

Figure 19: Possible solutions to buckling problems
20
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Buckling of structures is sensitive to fabrication tolerances, and other imperfections introduced due to
transporting and handling processes. The representation of a structure’s geometry in a finite element
software does not include such imperfections which are present in a physical structure. No material used to
manufacture engineering structures is absolutely homogeneous and can also have residual stresses.
Furthermore in physical structures, the boundary conditions and load application can not be as perfect as
represented during an finite element analysis. Due to these idealizations during finite element analysis, the
buckling will usually not occur in the perfect model. In other words the perfect geometry may never buckle
at a load sufficiently higher than buckling load because the model has no initial displacement in the post-
buckled mode. Therefore it has no ability to switch to that mode. To overcome this limitation,
imperfections are introduced in the model. The introduction of an imperfection has an influence on the
response of a structure which becomes somewhat different from the response of perfect geometry as
computed mathematically as shown in the Figure 20.

A A — Perfect geometry
With imperfection

Load
Load

»
>

Displacement Displacement

Figure 20: Magnitude of imperfection can alter the response

There are three different ways to introduce an imperfection in a structure; geometric imperfections, load
imperfections and boundary condition imperfection.

a) Geometric Imperfections

Geometric imperfections refer to the deviation of the geometry from the perfect shape of a structure. A
common example is the variation of the thickness of shell structures. Imperfections are usually introduced
by perturbations in the geometry. Geometric imperfections can be introduced into a model:

1. As a linear superposition of buckling eigenmodes
2. From the displacements of a static analysis
3. By specifying the node number and imperfection values directly

Unless the precise shape of an imperfection is known, an imperfection in the shape of buckling modes
predicted by the eigenvalue analysis is usually introduced.

b) Loading imperfection

An imperfection in a structure can also be introduced by applying an external load. Usually a fictitious load
is applied which deforms the structure in the shape of a buckling mode.
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¢) Boundary condition imperfection
Perturbations in boundary conditions can also be used to introduce imperfection in a structure. For that
purpose a small variation in boundary condition can be introduced.

Performing Buckling Analysis

There are two different types of analysis to approach a buckling problem; eigenvalue buckling analysis and
load-displacement analysis.

3.1.5.1. Eigenvalue buckling analysis

Eigenvalue buckling analysis is generally used to estimate the critical buckling load and mode shapes of
structures. The eigenvalue analysis is a linear perturbation procedure. The buckling mode shapes are
normalized vectors and do not represent actual magnitudes of deformation at critical load. They are
normalized so that the maximum displacement component is 1.0.

U, Magnitude

+1.000e+00

+9.167e-01

+8.333e-01

+7.500e-01

+6.667e-01

+5.833e-01
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T o UL Srepittep-|

12.300e-01  Mode  1: EigenValue = 7.2267

+8.333e-02 Primary Var: U, Magnitude
+0.000e+00 Deformed Var: U Deformation Scale Factor: +1.000e-01

Figure 21: Eigenvalue buckling analysis of a plate subjected to in-plane loading

In the Figure 21, first mode shape of a plate, subjected to in-plane load, computed by an eigenvalue
buckling analysis is shown. The plate has a length and width of 1 m. In the legend it can be seen that
maximum displacement is 1.0 m which is meaningless. The magnitudes shown cannot be used to compute
e.g. stresses or strains in the structure. Only the mode shape and eigenvalue are the worthy output of this
analysis.

3.1.5.2. Load-displacement analysis

The eigenvalue buckling analysis has limited usefulness if the structure exhibits material nonlinearity or
geometric nonlinearity prior to buckling. Furthermore eigenvalue buckling analysis gives no information
about postbuckling response. For these reasons, a nonlinear load-displacement analysis is performed. A
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load-displacement analysis takes all the nonlinearities into consideration and can also investigate the
postbuckling response.

If details of imperfections present in a structure are known, this information must be used to introduce
imperfections during a load-displacement analysis. However, this information is usually not available. In
such cases the imperfections are assumed as linear combinations of the eigenmodes. Therefore the usual
approach involves to perform two analysis runs. In the first analysis run mode shapes and load factors
(eigenvalues) are estimated using linear buckling analysis. In the second run, load-displacement analysis is
performed. The information obtained during eigenvalue buckling analysis is used to introduce imperfection
in the perfect structure in second stage.

If the response of a structure is linear elastic before it buckles, linear eigenvalue analysis is sufficient for
design evaluation. But if the structure exhibits material nonlinearity or geometric nonlinearity prior to
buckling, a load-deflection analysis must be performed to investigate their influence on buckling load.
Furthermore, if it is desired to investigate the postbuckling response, a load-deflection analysis needs to be
performed as eigenvalue buckling analysis gives no information about postbuckling response.

3.2. Material Nonlinearity

Material nonlinearities occur when the relationship between stress and strain is no longer linear. Different
materials respond differently to applied loads. To determine the response of a structure precisely it is
important to have an accurate constitutive model for the materials involved. A constitutive equation is a
relation specific to a material which approximates the response of that material to external loads. Different
constitutive relations are available to represent different material behaviors. It is important to employ a
constitutive model that is appropriate for a material.

Some of the cases of material nonlinearity commonly experienced in engineering applications are as follow:

I.  Plasticity
II. Nonlinear elasticity
II. Viscoelasticity

3.2.1. Plasticity

When the applied force induces non-reversible deformations in a material, it is said to undergo plastic
deformation. Plastic deformation is not recovered upon unloading. The yield point along the stress-strain
plot characterize the shift from elastic to plastic behavior. The value of stress where the yield point occurs
is called the yield strength. After the yield point, only a small increase in stress usually causes a large
deformation. The deformation prior to the yield point creates only elastic strains. After the stress in the
material exceeds the yield strength, plastic deformation is said to occur.
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Figure 22: Stress-strain behavior of an elastic-plastic material in a tension test

In Figure 22, a typical stress-strain graph for the elasto-plastic deformation in a metal is shown. The graph
is plotted using the nominal stress (force per unit undeformed area) and nominal strain (length change per
unit undeformed length) measures. Tensile tests are traditionally reported using nominal measure of stress
and strain. During the plastic deformation, the changes in cross-sectional area and length are significant,
so nominal stress and nominal strain are not the right measures. Instead true stress and true strain should be
used to represent the state of material. Figure 23 shows the difference between curves when true stress and
true strain are used instead of nominal stress and nominal strain.
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Figure 23: The difference between true stress-strain curve and engineering stress-strain curve

Yield Criterion

Stress-strain relations used to describe deformation of a material are different for the elastic and plastic
domain. Consequently, it is important to know if the stress state is in the elastic or plastic domain. For this
purpose a yield criterion is used to suggest the limit of elasticity and the initiation of yielding in a material
under any combination of stresses. There are several yield criteria used in practice. Some of these are: the
maximum shear stress criterion, the maximum principal stress criterion and the von Mises stress criterion.
These criteria could be expressed in terms of material constants obtained from different physical tests, e.g.
a shear or a uniaxial tensile test. The von Mises stress criterion (also known as octahedral shear stress yield
criterion or distortion energy criterion) is widely used for metals so it will be described here. A yield
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criterion is often expressed as yield surface. The state of stress of inside the yield surface is elastic. When
the stress state lies on the surface the material is said to have reached its yield point.

According to the von Mises stress criterion, yielding depends on the deviatoric stress and not the
hydrostatic stress. It is customary to use stress invariants to formulate yield criterion. So it is expressed as:

3J,—o,=0 for plastic deformation

V3J, -0, <0 for elastic deformation
where o, is the stress at yield in a uniaxial test and J, is the second invariant of the deviatoric stress, i.e.

1
J, ZESist

where s, is the deviatoric stress, given by:

J, can also be expressed using the principal stresses as:

1 2 2 2
J, :g[(01_0-2) +(O'1_63) +(O-2_O-3) ]

So the yield criterion can also be written as:

\/ % (a, -0, )2 +(o, - o, )2 +(o, -0, )2] —o0,=0 for plastic deformation

\/ % (01 -0, )2 + (al -0, )2 + (0'2 -0, )2] —0,<0 for elastic deformation

For pure hydrostatic load case i.e. o, =0, = 0, = 0, this relation predicts that yielding never occurs. Here

13 . . .
3J, or Esi].sl.i is known as the von Mises stress or effective stress.

The von Mises yield criterion appears as a cylindrical surface in the principal stress space as shown in
Figure 24. A loading case where stresses lie inside this surface is said to be an elastic loading. The yield
surface can be described as a boundary between elastic and plastic deformation regions.
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Figure 24: Schematic of the von Mises yield surface in the principal stress space.

Classical plasticity theory was built on the experimental observation in many metals that yielding does not
depend on hydrostatic stress and that the yielded material is incompressible. Later experiments also
showed that in some metals the yielding depends on hydrostatic pressure. For such metals Drucker-
Prager’s criterion is used. This model assumes that yielding is linearly dependent on hydrostatic stress.
The Drucker Prager yield criterion appears as a cone along the hydrostatic axis in the principal stress space.
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(a) Perfectly plastic (b) Linear-hardening (b) Multilinear-hardening
Figure 25: Post-yield hardening models
Hardening

After the yielding of a material, a hardening model is required to describe the plastic behavior. Following
hardening material models are usually used to describe the post-yield behavior.

26



1. Perfect plasticity

Perfect plasticity implies that after the yield point, stress does not change with plastic strain. In other words
no hardening occurs. Figure 25a shows the perfect plastic deformation behavior.

2. Isotropic and kinematic hardening

During plastic deformations, the yield surface can translate, expand or distort in the stress space. Two
models are frequently used to describe the hardening behavior of a material due to plastic deformations:
isotropic hardening and kinematic hardening. Isotropic hardening assumes that the yield surface expands
uniformly as shown in Figure 26a. Kinematic hardening assumes that the yield surface translates in the
stress space as shown in Figure 26b.

(a) Isotropic hardening (b) Kinematic hardening

Figure 26: Evolution of the von Mises yield surface with isotropic and kinematic hardening. Solid line
represents initial yield surface and dashed line represents subsequent yield surface.
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Figure 27: Uniaxial stress-strain curves for isotropic and kinematic hardening
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Pure isotropic hardening cannot predict the Bauschinger effect, as shown for a uniaxial loading case in
Figure 27, which has been observed in many materials experimentally. In addition to these hardening
models, the combined hardening model is also used. The combined hardening model is a combination of
isotropic and kinematic hardening models.

To represent a stress-strain curve in a FEA software, different methods are used. Such a curve is
determined by performing physical tests. Following techniques are often considered to express stress as a
function of strain.

1. Linear-hardening
As a rough approximation for stress-strain curve, linear hardening model is used. In this model only a
single straight line defines the stress-strain curve after yield point as shown in Figure 25b.

2. Multilinear-hardening
In a multilinear hardening model, in order to approximate the stress-strain curve accurately, multiple lines
are used instead of a single line as shown in Figure 25c.

3. Johnson-Cook isotropic hardening
Johnson-Cook hardening is a particular type of isotropic hardening where the yield stress is given as an
analytical function of equivalent plastic strain, strain rate, and temperature.

3.2.2. Nonlinear elasticity

The mechanical response of an isotropic linearly elastic material can be characterized by the Young’s
modulus. A large number of materials can be treated as linear elastic under the small strain regime. For
many materials, the stress is not linearly related to the strain while the deformation is recoverable. Such
nonlinear elastic materials need special models to represent them accurately.

Stress

v

Strain

Figure 28: Typical stress-strain relationship for a nonlinear elastic material

The most common example of nonlinear elastic material is rubber. Hyperelasticity provides a means of
modeling the stress—strain behavior of such materials. Hyperelastic constitutive laws are used to model
materials that respond elastically when subjected to very large strains. They account both for nonlinear
material behavior and large shape changes. The modeling of hyperelastic behavior involves both geometric
nonlinearity from kinematics and material nonlinearity from constitutive relations.
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A hyperelastic material is an ideal elastic material for which the strain energy density function exists. This
function measures the energy stored in the material as a result of deformation. For hyperelastic materials,
the stored strain energy density is used to compute stress. For isotropic materials, the strain energy density
is defined using principal stretches ( 4,,4,,4;) or in terms of the invariants (/,,/,,1;) of the left Cauchy-

Green deformation tensor given as:

L=A"+2"+4;
L=2"2"+ 2,20+ 2000
L=,

The invariants will remain unchanged for different coordinate systems. The second Piola-Kirchhoff stress
can be obtained by the partial derivative of the strain energy density as:

s
O,

Where S, represents the principal second Piola-Kirchhoff stress and E; represents the principal Green

strain. By using the chain rule it can be expressed in a more useful form:

oW _owd,
' OE, 04, OE,

By expressing Green strain in terms of 4, we get:

OE, 0

1
= (A =D+—(1, -1 |= A,
oA, aﬁi((’ )2(’ )j !

Substituting this into the stress equation:

We already know that P = FS, where P is the first Piola-Kirchhoff stress, F the deformation gradient and
S is the second Piola-Kirchhoff stress tensor. So principal first Piola-Kirchhoff stress can be expressed as:

po| LOW|_oW
A, 04, ) oA,

Note that in the undeformed configuration A4, =4, =4, =1. The product of principal stretches measures
the volume change in the material undergoing deformation and referred to as the total volume ratio
i.e. 44,4, =V/V, and denoted by J. So for the incompressible materials J = 44,4, =1 and I, =1.

A general formula for the strain energy function for the incompressible materials can be expressed as:
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W) = 3 Cll =3 (1 =3)

i,j=0
where C;, are material parameters.

It has been observed that many rubber-like materials show nearly incompressible behavior. It means that
only a small change in volume occurs due to applied hydrostatic pressure. To model such materials, energy
potential is expressed in two separate parts: distortion and dilatation. Such energy potentials are expressed
using deviatoric strain invariants and volume ratio as:

w=w,L)+W(J,)

where W (I,,1,) is the distortional strain energy density, W (.J,) is dilatational strain energy density and

J, = 131/ *. I, and I, are the first and second deviatoric strain invariants defined as:

L=27+2"+2)
L=()" + ()7 +(2y)”

where 1,,4, and A, are the deviatoric stretches defined as: 4, =J'°4, .

Various hyperelastic models have been proposed to represent the nonlinear elastic materials. Some of the
widely used are:

i. Neo-Hookean model

For the incompressible materials, the Neo-Hookean model requires only one material parameter, C,, . The

strain energy potential is defined as:
W=Cl,-3)

where W is the strain energy per unit of reference volume. For the compressible materials, the strain
energy potential is defined as:

W =Coll, =3+ (-1

1

Here D, is a material parameter. The initial shear modulus and bulk modulus can be calculated by:

2
=2C,, K,=—
Ho 10 0 D,

Let us consider a rod subjected to external load such that 4, =1 where A is an arbitrary stretch along the
rod’s length. We assume that rod consists of an incompressible hyperelastic material with C,, =4 MPa.

The incompressibility implies 44,4, =1and hence 4, = 4, = 1/ 2 . The strain energy density for the Neo-
Hookean model becomes:
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W=Co(l,=3)=Co(A’ + 4, + 2" =3)=C,,(F +2/2-3)

First Piola-Kirchhoff stress (Nominal stress) can be obtained by differentiating this with respect to the
principal stretch as:

P=" _sc -

oA ?)

Figure 29 shows the stress-strain plot for the uniaxial loading of the rod using above relation. Initial shear
modulus can be computed as g, =2C,,= 8 MPa. By using, 4, = E,/2(1+v,), a Young’s modulus of 24

MPa is computed (v, = 0.5 for incompressible materials). The figure also shows the stress-strain plot for

linear elastic material with this magnitude of Young’s modulus.
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Figure 29: Stress-strain plot for the uniaxial loading of rod using different material models
It can be seen in the above figure that Neo-Hookean model shows a quite different behavior in

compression than in tension. Furthermore Neo-Hookean and linear elastic material have almost similar
response near the zero strain but as the strain increases difference between two response curves increases.

ii. Mooney—Rivlin model

For incompressible materials, the strain energy potential for the Mooney-Rivlin model is defined as:
W=C,(,=3)+Co (1, =-3)

For compressible materials, the strain energy potential is defined as:

- - 1
w=C(,-3)+Cy (1, _3)"‘3(]_1)2

1
where C,,, C,, and D, are material parameters. The initial shear and bulk modulus can be calculated by:
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2
Hy = 2(Cy + Co) » K, :3

1

For the case of uniaxial loading of the rod described above, the strain energy density for the Mooney-
Rivlin model can be written as:

W=C,(I,-3)=C,y(X +2/A=3)+Cy (24 +1/ 22 =3)
Then First Piola-Kirchhoff stress can be obtained by differentiating this with respect to the principal stretch

1

ow 1
==, = 2C10(ﬂ _?) +2C, (1 _?)

oA

P

fii. Yeoh model

For incompressible materials, the strain energy potential for the Yeoh model is defined as:
W=Co(,=3)+Cy(l, - 3)2 +C (1, - 3)3

It can be see that this model is a function only of /,. For this reason the Yeoh model is also called the

reduced polynomial model. This model especially fits well with experimental stress-strain data for highly
nonlinear materials at large strains. For the compressible materials, the strain energy potential is defined as:

W = Cpy (I, —3)+ Coy (I, 3 + Cy (I, - 3) +Di(J—1)2 +Di<J—1>“ +Di(J—1)6

1 2 3

where C,,, C,y, Cy,, D,, D, and D, are material parameters. The initial shear modulus and bulk modulus
can be calculated by:

2
=2C,, K,=—
Hy 10 0 D,

For the case of uniaxial tension, the First Piola-Kirchhoff stress can be obtained by differentiating the
strain energy potential using chain rule and can be written as:

P52
7)ol

So for the case of uniaxial loading described above, the first Piola-Kirchhoff stress can be written as:

P= 2(’1 -2 )(CIO +2C, (1, - 3) + 2C, (1, - 3)2)
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Figure 30 shows the stress-strain plot for the uniaxial loading of the rod for Mooney-Rivlin and Yeoh
material models. For the Mooney-Rivlin model C,,=1.25 MPa and C,, =0.1 MPa has been used. For the

Yeoh model C,,=1.2 MPa, C,,=-0.05 MPa and C,,= 0.0035 MPa has been used.
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Figure 30: Stress-strain plot for the uniaxial loading of rod using Mooney-Rivlin and Yeoh model

iv. Ogden model

The Ogden model is described in terms of the strain energy potential as:

N 2[[1[ 7 a; 7o 7 a; N 1 2i
w =27(z1 + A%+ A —3)+23(J—1)
i=1 i i=1

i

where C,,,C,,,C;,,D,,D, and D, are material parameters. The initial shear modulus and bulk modulus can

be calculated by:

S ko2
Ho 2 & M s By D

1

3.2.3. Viscoelasticity

Viscoelasticity is the property of a material that exhibits both viscous and elastic characteristics when
deformed. The term ‘viscous’ implies that the response to a stimulus is delayed, in other words material
deforms slowly when exposed to a stimulus. The term ‘elastic’ implies that, once a deforming force has
been removed, the material will return to its original configuration. The time dependence of these materials
plays an important role in their performance when used as a load bearing element. It can have implications
e.g. to their dimensional stability. Figure 31 shows typical examples of isochronous stress-strain diagrams
for elastic and viscoelastic materials. For elastic materials, there is a single response curve at different
times hence the response is said to be time independent. It can be seen that the isochronous response is

33



Solving Nonlinear Problems Abaqus 2017

linear for linear viscoelastic materials but the response curves are different at different times. For a
nonlinear viscoelastic material, the isochronous curves are usually linear in the beginning but after a
certain stress level become nonlinear.

====== Elastic
—— Viscoelastic

v

v

€ €

a) Linear response b) Nonlinear response

Figure 31: Typical isochronous stress-strain curves of elastic and viscoelastic materials

A viscoelastic material model is also called ‘long-term elastic’ model in the sense that after having been
subjected to a constant load for a long time the response settles down to a constant value. Viscoelastic
materials exhibit following two important phenomena:

Stress relaxation

Stress relaxation is a time-dependent decrease in stress when a constant strain is applied. Figure 32 shows
schematically a stress relaxation test where a strain is instantaneously imposed at time zero and the stress
response is recorded. The stress jumps to the value of o, as strain is imposed at time zero and later

decreases monotonically to a limit value. The limit value of stress describes the long-term or equilibrium
elastic response. This test can be used to define a stress relaxation modulus:

ER(?) E@

&

Creep

A material is said to creep when a constant (engineering) stress is applied (at time zero) and then held fixed
while the strain increases with time. Figure 33 shows schematically a creep test where a stress is
instantaneously imposed at time zero and strain response is recorded. The strain jumps to the value of ¢, as

stress is imposed at time zero and later increases to a limit value. The limit value of strain describes the
long-term or equilibrium elastic response. This test can be used to define a creep compliance:

Jr(?) E@

Oy
Creep is the same phenomenon as stress relaxation, differing only in that it is observed under constant

stress rather that constant strain. Engineering materials that exhibit creep will also show relaxation
behavior.
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Figure 32: Schematic representation of a stress relaxation test
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Figure 33: Schematic representation of a creep test

To characterize the viscoelastic behavior, two major types of tests are performed: transient and dynamic.
Transient tests involve deforming the material with time and measuring the response. There are two
important transient tests: stress relaxation and creep, as elaborated above. Dynamic test involve varying
applied stress (or strain) sinusoidally as the input, and measuring the the strain (or stress), as the response.

To analyze the stresses and strains in a component consisting of viscoelastic material, it is necessary to
have stress-strain relationships that include the time dependency. Depending on the complexity of these
relationships viscoelasticity is often divided into two categories: linear viscoelasticity and nonlinear
viscoelasticity.

3.2.3.1. Linear Viscoelasticity

Linear viscoelasticity means that for a given time there is a simple proportionality between stress and strain.
Figure 34 illustrates ideal linear viscoelastic behavior. The figure shows strain as a function of time during
creep test for three different levels of applied stress. At any given time the strain is proportional to stress,
so that the strain due to 3c; at a given time is three times the strain due to o1 at the same time. Linear
viscoelasticity implies that the time dependent relaxation modulus of a viscoelastic material is not a
function of stress magnitude.

35



Solving Nonlinear Problems Abaqus 2017

A
Strain 03-301

02=201

/ o

n

. »
time

Figure 34: Strain as a function of time at different stress levels

There are two major ways of describing viscoelastic behavior. The first one is based on the Boltzmann
superposition principle and is known as the integral representation. The second way uses assemblies of
springs and dashpots as models and leads to differential equations. This method is called the differential
representation.

Boltzmann superposition principle is an important assumption for developing the mathematical models for
linear viscoelastic materials. The superposition principle states that each loading steps make an
independent and additive contribution to the final state. Consider the stress response due to an arbitrary
applied strain history as shown in Figure 35. The total strain at time ¢ can be written by summing strain
steps as

e()= i AgH(t—-1,)

where Ag;is the strain increment applied at time 7, and /() is the Heaviside step function defined as:

0 if t<0
H(t)=31/2 if t=0
1 if t>0
A
Strain y
Ags
'—’ji_________}{ Ag4
_________ R . A
; : - *
! i i JAY)
_____ Y
! i i H L
i i ! i Agq
i i i ! ¥ >
T1 T2 T3 T4 15
time

Figure 35: An arbitrary applied strain history
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The total stress after applying this strain history can be obtained by using superposition principle
o(t)=Y AgE,(t—1,)
i=1

As the number of strain increments go to infinity, the stress response can be written in integral form as
below.

o(t) = jER (t—7)de(t)

In the above relation 7 is the current time and 7 is a generic earlier time, 7 € [O,t]. The lower limit of the

integral is -oo because the complete loading history contributes to the stress. In other words the response of
the material is influenced by what has happened to it so far. It is also called memory function or
remembering. The integral can be rewritten in a more convenient form as:

o(t) = jER -0 %D 4 jER(z —0)é(dr)dr

dr

The relaxation modulus can be written in dimensionless form as
gR(t) = ER(t)/EO

where E, = E,(0) is the instantaneous relaxation modulus. The dimensionless relaxation modulus can be
expressed using Prony series expansion as below.

gu=1-Y g/ (1-¢")

where g,.P ,and 7, are material constants while i =1,2,....., N . These constants are usually determined using

a stress relaxation or creep test data. The dimensionless relaxation modulus has the limiting value of
gz(0) =1. Viscoelastic models based on the Prony series are frequently used in commercial FEA software

due to easy implementation. The experimental data are fitted to a Prony series using a user-specified
number of terms (N ).

The stress response can be written using the dimensionless relaxation modulus as:
t
o(t) = E, j gt —D)é(dT)dT

Figure 36 shows plots of dimensionless relaxation modulus using one term Prony series for two different
materials. For both series g/ =0.51is assumed. For the ‘series 1’ 7, =10 and for the ‘series 2’ 7, =20 is
assumed.
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Figure 36: Plot of dimensionless relaxation modulus consisting of one term Prony series

Figure 37 shows plots of dimensionless relaxation modulus using two term Prony series for two different
materials. For both series 7, =1 and 7, = 50 are assumed. For the ‘series 1’ g =0.2, g7 = 0.4 and for the

‘series 2’ g =0.3, g =0.41s assumed.
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Figure 37: Plot of dimensionless relaxation modulus consisting of two term Prony series

The long term behavior can be obtained by setting ¢ = oo in the expression for the dimensionless relaxation
modulus

() = Ey(0)/ E,=1-Y gl (1=e")=1- g
E (o) :Eo(l_zgipj

So for the ‘series 1’ E, () = 0.4E, and for the ‘series 2’ E, () = 0.3E, which can also be observed in the

plot.
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The total stress can be written in a generalized form suitable for arbitrary deformation by splitting strain
tensor into deviatoric and volumetric strains:

t t
o(t)= [2G,(t=7)é,dr + [ Kp(t=7)é,,d7

where G,(¢) 1s the time-dependent shear relaxation modulus, K,(¢) the time-dependent bulk relaxation
modulus, ¢, the time derivative of the deviatoric strain tensor and &, the time derivative of the

volumetric strain tensor. In this expression shear and bulk relaxation modulus need to be determined to
compute the evolution of stress.

The time-dependent shear relaxation modulus and bulk relaxation modulus can be expressed using Prony
series expansion as:

Gp(1) = Go{l - ﬁ:gf(l - e;‘)]
K ()= K{l - ikﬁ(l - e;")]

where G, and K, are the instantaneous shear and bulk moduli. Instantaneous shear and bulk moduli are
related to instantaneous elastic moduli by G, = E,/2(1+v,) and K, = E,/3(1-2v,) .
Rheological models

Rheological models use assemblies of springs and dashpots to visualize and develop material models. One
of the most commonly used model structures is Maxwell model.

Figure 38: Rheological representation of the Maxwell model

The Maxwell model consists of a linear spring and a linear dashpot connected in series as shown in Figure
38. The stress-strain relations of spring and dashpot respectively are:
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Differentiating the stress-strain relation of spring with respect to time and by rearranging, these two
equations can be written as:

L

o

t

Because both elements are connected in series, the total strain is:
E=¢,+¢,

Now consider a stress relaxation test with an applied constant strain ¢, at time t = 0 for which the initial

value of stress is o, . Differentiating the total strain equation with respect to time gives:
0=¢,+¢,
By substituting the ¢, and &, into this equation, following equation is obtained:
ldo o
Edi n
By separating the variables and then integrating the following solution is obtained:

o(t) =o,e "

Hence the stress relaxation modulus becomes:
-t

E(t)=Ee""

which is a single Prony series term. So it can be said that the Maxwell rheological model is equivalent to a
single Prony series term.

3.2.3.2. Nonlinear Viscoelasticity

Linear viscoelastic relationships are often useful for polymers but when the behavior becomes more
complex, e.g. in hyperelastic materials and many other materials at higher temperatures, it requires special
consideration. Nonlinear viscoelasticity is said to occur when strain and stress are not proportional. So
doubling the loading does not result in a doubling of the response. It also implies that the time dependent
relaxation modulus of a viscoelastic material is no more independent of stress magnitude. Nonlinear

40



viscoelastic behavior usually happens when the deformations are large or if the material changes its
properties under deformations.

A

1
A €=1.5%
...................... €=1.0%
........................... 8_05%
time g time
a)  Stress relaxation test for three different strain levels b) Normalized stress relaxation curves

Figure 39: Stress vs time plot from stress relaxation testing

Figure 39a illustrates the stress plots for three different strain levels during a stress relaxation test. Three
different specimens are tested at three different holding strains. Figure 39b illustrates normalized stress
relaxation curves for these tests. It can be seen that relaxation behavior is dependent on the magnitude of
applied strain. As relaxation behavior depends upon the strain magnitude, the material is said to exhibit
nonlinear viscoelasticity. Linear viscoelastic models cannot model this behavior. If a linear viscoelastic
model is used to model this material, the three normalized curves would coincide.

Parallel Rheological Framework

To model nonlinear viscoelastic behavior, parallel rheological framework (PRF) has been developed. It
allows realistic simulation of viscoelastic materials that may undergo large deformations, such as polymers.
Parallel rheological framework is based on the superposition of finite strain networks in parallel so that
overall stress response is additive. It consists of multiple networks connected in parallel as shown in the
Figure 40. The framework can consist of an arbitrary, N, number of viscoelastic networks however at most
one equilibrium network (network 0 in Figure 40) is allowed. The definition of the equilibrium network is
optional.

The elastic behavior for all the networks is specified using a hyperelastic material model. The same
hyperelastic material model is used for all the networks scaled by a stiffness ratio specific to each network.

The viscous behavior must be defined for each viscoelastic network. The deformation gradient acting on
each viscoelastic network is decomposed into elastic and viscoelastic components:

F=F'F"

The evolution of the viscous component of the deformation gradient is governed by a flow rule. The flow
rule can be expressed as
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where D is the symmetric part of the velocity gradient, g the equivalent deviatoric Cauchy stress, &
the equivalent creep strain rate and ¢ is the deviatoric Cauchy stress.

o

Figure 40: Nonlinear viscoelastic model with multiple parallel networks

PRF is a quite general framework for the nonlinear viscoelasticity. The model has an open option for

different types of viscoelastic creep laws. There are many evolution models available for & in the
literature. One of the most popular is “Power-law strain hardening model” which can be expressed as

= (4g" [(m + 1)8—"]’")'"l+1

where £ is the equivalent creep strain, ¢ is the equivalent deviatoric Kirchhoff stress and 4,m and n are
material parameters.

Dynamic Testing

Dynamic test involve varying applied stress (or strain) sinusoidally as the input, and measuring the strain
(or stress), as the response. The response is measured at different frequencies. For a perfectly elastic solid,
the response will be perfectly in phase with input. For a purely viscous fluid, there will be a 90 degree
phase lag. As viscoelastic material have the characteristics of both, some phase lag will occur during
dynamic tests. Figure 41 shows the response of an elastic and viscoelastic material subjected to sinusoidal
strain. The technique to study and characterize materials using cyclic loading is called dynamic mechanical
analysis (DMA). It is widely used to characterize a material’s properties as a function of temperature, time,
frequency or strain.

Consider a case when the applied strain is given by:
e(t) = g, sin(wt)

The resulting stress response for this strain can be written as:
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o(t) =o,sin(wt + )

where 0 is phase lag between strain and stress. By defining the frequency-dependent storage modulus (E")
and the loss modulus ( E"), the stress response can be written as:

o(t)=¢g, [E "(w)sin(wt) + E"(w) cos(a)t)]

where
lo}
E'=—"cos(d)
&y
o, .
E"=—2sin(5)
&
----- Stress
— Strain
A
Strain

v

time

v

time

time

Figure 41: Response of an elastic and viscoelastic material subjected to sinusoidal load

The storage modulus is the measure of a material’s elastic behavior while loss modulus is a measure of the
viscous response. Modulus-frequency graphs are plotted to show how material will respond as frequency
changes. Figure 42 shows schematically the dependence of storage and loss modulus on frequency using
DMA test. Modulus-frequency plots are used to develop frequency domain viscoelastic material models.
Such models are required during analysis involving dynamic loading in the form of steady-state vibration
where the dissipative losses in the material must be modeled.
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Figure 42: Schematic representation of dependence of storage and loss modulus on frequency

3.3. Boundary nonlinearity

This nonlinearity arises when the displacement boundary condition depend on the deformation of body.
The most important case is the contact problem. Contact problems are considered to be highly nonlinear
and are one of the most difficult ones to solve. In general, a structural problem is solved for unknown
displacements with given loads and prescribed boundary conditions. When the body is in contact with
another body, both the displacements and boundary conditions (contact traction and the area of the
boundary in contact) are unknown. The general aim of performing a contact analysis is to determine
contact traction and area on the surfaces where this traction acts.

3.4. Force nonlinearity

When the applied force depend on the deformation of the body, force nonlinearity is said to exist in the
body. A common example is the pressure load of fluids. In the Figure 43, a disc is subjected to a pressure
load on its inside surface. The disc bulges due to pressure load such that its deformed shape is quite
different from the undeformed shape. The surface area subjected to pressure and orientation of load is very
different for the deformed shape as compared to the undeformed shape. So it can be said that force
nonlinearity exist.

Figure 43: Bulging of a disc subjected to pressure load
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4. Solution Algorithms

The general idea of finite element analysis is to solve a global governing equation in the form of:
Ku=F

where K is the stiffness matrix, u the displacement vector, and F is the external force vector. The
objective of a finite element analysis of a structural problem is to determine its load-displacement response.
For the given external force vector, the primary unknown to describe the structural behaviour are the
displacements of the nodes. In order to determine the nodal displacements, the global stiffness matrix
needs to to be formulated. For linear problems it is assumed that the stiffness of the structure remains
constant so he stiffness matrix is not updated with the deformation. In a nonlinear problem the structure’s
stiffness changes as it deforms i.e. K = K(u). To obtain solution for such a problem, incremental-iterative
methods are used. In such analysis load is applied in a series of small increments so that the nonlinear
curve could be followed.

A number of incremental-iterative solution procedures are available to determine the nonlinear response.
Two of the most common numerical methods used to solve nonlinear problems are:

1. Newton’s method (also called Newton-Raphson method)
2. Arc-Length method

We will describe about these methods in the following paragraphs. All the details are mentioned assuming
load-control i.e. the magnitude of the external load is specified and solving the nonlinear equations for
displacement.

Load
Load

[
»

v

Displacement Displacement

a) No limit point b) With limit point

Figure 44: Nonlinear response curves

Two typical nonlinear load-displacement response curves are shown in Figure 44. In this figure L denotes
a limit point; a point at which the tangent to the equilibrium path becomes horizontal. Newton’s method
converges with quadratic rate and hence it is implemented in almost all commercial software. However this
method has a major drawback. It fails to follow the equilibrium path once the tangent stiffness reaches zero.
For the response curve shown in Figure 44a, it is able to solve nonlinear system of equation efficiently and
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without any problem but for the response curve shown in Figure 44b, it can solve only up to the limit point.
For the problems which exhibit one or more limit points, Arc-Length method is very efficient.

4.1. Newton-Raphson method

A typical nonlinear load-displacement curve for a structure is shown in Figure 45. In this problem the
structure’s stiffness changes as it deforms. This requires to apply the load in a series of small increments so
that the nonlinear curve could be followed. As the incremental load is applied and global equation solved,
internal and external forces are usually not in balance and hence further iterations are required to find an
equilibrium state.

Load

AP[x&
Ra

AP| la
Ko

Ca

[
»

Displacement

Figure 45: First iteration in an increment

We consider the structure at a configuration u, with an initial stiffness Ko. The structure is subjected to an
external load increment AP. The analysis of the structure requires to determine a configuration which
produces an internal force vector balancing externally applied load. The response of the structure to the
load increment AP can be determined by a linear approximation as ca = Ko'AP. The computed
displacement correction, ca, is then used to update the structure’s configuration to u. = uo + ca. In this
updated configuration, internal forces (I.) are also calculated. For the structure to be in equilibrium,
internal and external forces have to be in balance. To determine if the the structure is in equilibrium, the
force residual is calculated as Ra= P - L.. If Ra is zero at every node in the model, point ‘a’ would lie on the
load-displacement curve and structure would be in equilibrium. For a nonlinear problem it is almost
impossible that force residuals are zero, therefore force residuals are compared to a tolerance value. If
force residual is less than this tolerance (and ca is sufficiently small), ua. is accepted as the equilibrium
configuration. If equilibrium is not established, a new iteration is performed, as shown in Figure 46, to
bring the internal and external forces into balance. Updated stiffness matrix, Ka, which is computed at the
ua is used to compute new response by using ¢, = Ka'Ra. The computed displacement correction, cp, is then
used to update the structure’s configuration to u, = ua + c». To determine if the the structure is in
equilibrium, the force residual is calculated as R, = P - I and compared to the tolerance value. If the force
residual is less than the tolerance value, us is accepted as the equilibrium configuration otherwise further
iterations are performed until the solution converges.
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Figure 46: Second iteration

Figure 47 shows a typical history of convergence for two load increments. In the first increment, 10% of
the total load is applied. It takes three iterations to find the approximate equilibrium configuration. An
iteration is simply an attempt at finding an equilibrium configuration in an increment. When an equilibrium
configuration is found, the increment is said to be completed and a new load increment can be applied. In
the second increment, 20% of the total load is applied. It takes four iterations to find the approximate
equilibrium configuration. In this way incremental and iterative procedure is used to determine an
acceptable solution to the nonlinear problem.
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Figure 47: Typical history of nonlinear analysis with two increments
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In the Newton-Raphson solution procedure, during each iteration the structure’s stiffness matrix is updated
and a system of equation is solved which results in very expensive analysis as compared to a linear
analysis. So each iteration requires as much computational resources as a complete linear analysis. Quasi-
Newton methods can be cost-effective alternative for large nonlinear problems where stiffness matrix does
not change significantly from one iteration to the next. In a quasi-Newton method, stiffness matrix is not
updated at every iteration instead obtained by a secant approximation. The BFGS (Broyden, Fletcher,
Goldfarb, Shanno) method is implemented in Abaqus/Standard as a quasi-Newton solution procedure.

Step begins

\ 4

New increment » New attempt New iteration
A Y 2

\ 4

Form stiffness matrix

Calculate displacement
correction

Calculate new
increment size Update configuration
ry

\ 4

Calculate residuals

Yes

Decrease
increment size

Convergence
expected?

No
Yes
) step < Output results available
finished?
Yes Solution algorithm without contact
lStep completed

Figure 48: Solution algorithm for solving nonlinear problems in Abaqus/Standard

Abaqus/Standard uses the Newton-Raphson algorithm by default to obtain solution for nonlinear problems.
It can take several iterations to determine an acceptable equilibrium solution to a given load increment.
With every iteration, the solution should be closer to equilibrium. However if the solution appears to move
away from equilibrium and convergence is not expected, the current increment is aborted and a new
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attempt is made by reducing the increment size. When at the end of an iteration, an equilibrium solution is
obtained, the increment is complete and output results become available. This solution procedure is shown
schematically in the Figure 48.

4.2. Arc-Length method

The Arc-Length method is a solution procedure that allows determination of the load-deflection path for a
nonlinear structural response after the limit point. Unlike the Newton’s method, both the displacement and
load are unknown during an increment in Arc-length method. This is in contrast to Newton’s method
where load is specified (in a load-control problem) and we have to iteratively solve for displacement. In
Arc-Length method, it solves simultaneously for load and displacement. In this method an arc length along
the equilibrium path is specified to define how far to search along the equilibrium path. This method will
be described in a simplified way here.

Let us assume that magnitude of the applied load vector, Prf, vary with a single scalar parameter. Then we
can control the increase or decrease in the external load vector by introducing a scalar quantity A such that
current load is expressed as P = AP.r. Here A is called load proportionality factor (LPF). The load
proportionality factor is found as part of the solution.

To reach the solution point on a equilibrium path for a given arc length, usually some iterations are
required. For the Arc-Length method the load proportionality factor, A , is an additional unknown therefore
in addition to the governing equation, a constraint equation, is required. The constraint equation relates the
arc length to LPF and displacement increments as given below.

A* = Au* + AX?

Nonlinear equilibrium equations are solved together with the constraint equation using Newton's method
defining one step. The result of this analysis is the nodal displacements and LPF incrementation.

LPF

AL ‘
Al

¥ Last solution point

»
»

Displacement

A
\ 4

Au

Figure 49: A schematic representation of Arc-Length method iterations
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In the Arc-Length method actual values of load magnitude cannot be specified. Instead, they are computed
as part of the solution, as the “load proportionality factor”. Incrementation along the equilibrium path is
controlled by specifying minimum and maximum values of arc length and user has no control over the load
magnitude.

Figure 50a shows a typical load-displacement graph for a structure undergoing snap-through. Initially an
increasing force is required but after a limit value of the load is reached, the response is unstable and
system has negative stiffness matrix. Newton’s method can solve nonlinear system of equation only up to
the limit point (L) using load-control for this structure. Alternatively this problem can be solved using
displacement-control beyond the limit point with Newton’s method. With displacement-control a boundary
condition is used to prescribe displacement instead of applying a force. However it is not always
feasible/appropriate to use displacement-control. Another alternative is to introduce damping to dissipate
the strain energy. In a snap-through problem, structure releases energy which appears as a load drop in the
response curve. This release of energy causes an instability in the system. When damping is introduced this
energy is absorbed and a solution can be obtained. Figure 50b shows the solution of the problem obtained
using load-control with damping. It can be seen that load-control solution with damping does not capture
load reversal (dotted path). For an unstable problem, when the stiffness matrix becomes negative and
system releases energy it accelerates the system. As the velocity of system increases, damping absorbs the
energy. As a result the external load stays almost constant during the unstable part of the loading. In other
words, during the snap-through the strain energy that the system relieves through decreasing the load now
instead is being dissipated through damping.

A A ) )
= L = with damping /
5 5 .
original —»"*+....e*"
Displacement Displacement
a) Displacement-control b) Load-Control with damping

Figure 50: A typical load-displacement graph for a snap-through problem
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5. Solving contact problems

Contact is the principal way load is transferred from one body to another one. Almost all mechanical
systems, e.g. brakes, bearings, clutches, combustion engines, tires and gear trains, involve contacting
elements/components. Understanding the contact behavior of mechanical systems provides necessary
information for the comfortable, reliable and energy efficient design. The study of stresses and
deformations arising due to contact interaction of solid bodies is thus of paramount importance in many
engineering application.

Contact problems are considered to be highly nonlinear and are one of the most difficult ones to solve.
Many commercial FEA software offer the capabilities to solve contact problems. These capabilities are
generally considered immature in comparison to the capabilities in the general area of nonlinear solid
mechanics. This has motivated the analysts to assume simplified boundary conditions or make some other
assumptions instead of solving a contact problem. In the previous decade there has been significant
improvements in the algorithmic robustness. Furthermore remarkable increase in the computer power has
made it practical to solve complex contact problems efficiently.

The general aim of performing a contact analysis is to determine contact traction and area on the surfaces
where this traction acts. In a frictionless contact, a force normal to the contacting surfaces acts on the
contacting bodies. If friction is present between the surfaces, shear forces may be generated that resist the
tangential motion of the contacting bodies. The solution to a contact problem requires special constraints,
known as Signorini conditions, to be considered. These constraints make sure that the penetration of

contacting bodies does not take place and contact traction only becomes non-zero when contact is
established.

Abaqus provides extensive capabilities to simulate contact problems accurately and efficiently. In Abaqus,
contact simulations can be either surface based or contact-element based. In this work, only surface-based
contact is discussed. In Abaqus, contact between two surfaces/bodies is defined by creating a contact
interaction and specification of contact properties between contacting surfaces.

5.1. Contact interaction

A contact interaction contains all the information necessary to specify the interacting behavior of
contacting surfaces. When a contact interaction is created, it is important to specify the step in which to
activate the interaction, the type of interaction, and the region of the model to which the interaction will be
applied.

Two primary algorithms available when using surface-based contact are: contact pair algorithm and
general contact algorithm. The general contact algorithm is highly automated and is based on an
automatically generated all-inclusive surface definition. On the contrary, the contact pair algorithm
requires to explicitly select surfaces that may potentially come into contact.

5.2. Contact property model

A contact property model contains a set of data, e.g. coefficient of friction and thermal conductance, that is
referred by a contact interaction. Each contact interaction must refer to a contact interaction property that
governs the interaction behavior.
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In a mechanical contact simulations, often, a contact interaction property is defined to specify non-default
tangential behavior (friction) or normal behavior (hard or soft contact). Most commonly used behaviors
will be described here.

5.3. Hard Contact

The “hard” contact relationship is the default contact behavior in Abaqus. It implies that the contact
pressure is applied on the contacting surfaces when the clearance between two surfaces becomes zero.
When surfaces are in contact, any contact pressure can be transmitted between them. The surfaces separate
if the contact pressure reduces to zero. The “hard” contact relationship is shown in Figure 51.

A
Contact pressure

Any pressure possible A
when contact establishes ——»

Y

Clearance Overclosure

< # T P g
No pressure when there is clearance

Figure 51: Hard contact relationship

The above figure implies zero-penetration of the contacting bodies, however, the zero-penetration
condition may or may not be strictly enforced depending on the constraint enforcement method used.

5.4. Soft Contact

The “soft” contact is usually used to model a soft, thin layer on surfaces. In Abaqus/Standard they are also
sometimes used because they can make it easier to resolve the contact difficulties. Three types of softened
contact relationships are available in Abaqus: exponential, linear and tabular. Here we will discuss tabular
law briefly.

Tabular law is used to define a pressure-overclosure relationship in tabular form in which the contact
pressure is a piecewise linear function of the overclosure between the surfaces. To define a piecewise-
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linear relationship in tabular form, data pairs (i, hi) of pressure versus overclosure (clearance corresponds
to negative overclosure) are specified as shown in Figure 52.

A
Contact pressure
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Figure 52: Tabular pressure-overclosure relationship

In this relationship the surfaces transmit contact pressure when the overclosure between them, measured in

the contact (normal) direction, is greater than hj, where h; is the overclosure at zero pressure. So the
surfaces can transmit pressure even there is a clearance between them.

5.5. Friction models

By default, frictionless contact is enforced in tangential direction. Including the ideal Coulomb friction
model in a contact property, could make the convergence very difficult. Therefor Abaqus provides a
penalty friction formulation which allows some relative motion of the surfaces (called “elastic slip”) when
they should be sticking. The penalty friction formulation works well for most of the analysis.

In Abaqus/Standard the the ideal Coulomb friction model between two surfaces can be enforced exactly by
using the Lagrange multiplier formulation. With this method there is no relative motion between two
closed surfaces. However, the Lagrange multipliers converges more slowly and require more
computational resources.

Friction should be included in the a contact property model only when it has a significant effect on the
simulation results.

5.6. Contact constraint enforcement methods

Several methods are available in literature to enforce the contact constraints, e.g. the Lagrange multiplier
method, the penalty method, the augmented Lagrangian multiplier method and the Nitsche method. First
three will be described in a very simplified way here.
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We consider an elastic body with outward pointing unit normal vector n. The body comes into frictionless
contact with a rigid obstacle as shown in Figure 53. This gives rise to contact pressure on the contacting
surfaces.

Figure 53: A deformable body in frictionless contact with a rigid obstacle

In the absence of the contact, response of the body can be computed by the following relation
Ku=F
where K is the stiffness matrix, u is the displacement vector, and F is the external force vector.

When the body comes into contact, an additional term is added to the equilibrium equation to account for
the contact pressure developed at the contact interface.

In the Lagrange multiplier method, the equilibrium equation is solved simultaneously with another
equation which takes care of the contact constraints. So the following system of equations needs to be
solved for u and P, in the Lagrange multiplier method

Ku + C,TP,=F
Ciuu=g

where C, is a transformation matrix containing the normal directions, Py, is the vector containing the
Lagrange multipliers (contact pressure) and g vector contains all the initial gaps along n.

In the penalty method, penetration of the contact surface is penalized. In the beginning there is no contact
pressure acting on the contacting surfaces so some nodes will penetrate the obstacle. As contact conditions
are enforced, a contact pressure is generated which is proportional to the penetration of the contact surface
i.e. Py = ¥[Cau - g+, where ¥ is a given penalty parameter and [x]+ = (x + [x|)/2. So the larger the
penetration, the greater the calculated contact pressure. With this method some degree of penetration will
usually occur. The penalty method leads to a problem to be solved only in one variable, u, using the
following equation

Ku + C,"P,=F

The augmented Lagrangian approach combines the Penalty and the Lagrange multiplier methods. The
contact pressure is determined by Py = [Pn+¥(Cyu - g)]+ and the equation (4) is solved for u.
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In the augmented Lagrangian method contact pressure is augmented in the computations which makes it
less sensitive to the penalty parameter as compared to the Penalty method. It also improves the accuracy of
contact pressure computations.

All of these contact enforcement methods are available in Abaqus. The terminology used in Abaqus is
somewhat different. Now we will describe the enforcement methods as they are referred in Abaqus.

There are three contact constraint enforcement methods available in Abaqus/Standard: the direct method,
the penalty method and the augmented Lagrange method.

1. The direct method attempts to strictly enforce a given pressure-overclosure behavior, without
approximation or use of augmentation iterations. Because of its strict interpretation of contact
constraints, hard contact simulations utilizing the direct enforcement method are susceptible to
overconstraint issues. Lagrange multipliers are always used when direct method is specified for hard
contact. When direct method is used with softened contact behavior, the constraints are enforced with
or without Lagrange multipliers depending on the pressure-overclosure curve slope.

2. The penalty method is a stiff approximation of hard contact as it approximates hard pressure-
overclosure behavior. Numerical softening associated with the penalty method can mitigate
overconstraint issues and reduce the number of iterations required in an analysis.

3. The augmented Lagrange method uses the same kind of stiff approximation as the penalty method.

The penalty and augmented Lagrange methods sometimes provide more efficient solutions at some
sacrifice in solution accuracy.

Abaqus/Explicit uses two different methods to enforce contact constraints: the kinematic contact method
and the penalty method.

1. The kinematic contact algorithm uses a kinematic predictor/corrector contact algorithm to strictly
enforce contact constraints.

2. The penalty contact algorithm has a weaker enforcement of contact constraints but allows for
treatment of more general types of contact.

For general contact Abaqus/Explicit enforces contact constraints using the penalty contact method. The
contact pair algorithm uses the kinematic contact formulation by default.

5.7. Relative sliding of surfaces

Abaqus makes a distinction between analyses where the magnitude of relative sliding is small and those
where the magnitude of sliding may be finite. It requires less computational resources to model problems
where the sliding between the surfaces is small. Small sliding means that a point contacting a surface does
not slide more than a small fraction of a typical element dimension.

When using the small-sliding formulation, Abaqus determines at the beginning of the simulation which
segment on the master surface will interact with each node on the slave surface. It maintains these
relationships throughout the analysis, never changing which master surface segments interact with which
slave nodes. In contrast, when the finite-sliding contact formulation is used, Abaqus continually tracks
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which part of the master surface is in contact with each slave node. This is a very complex calculation and
requires considerable computational resources. If you are not sure which sliding option is suitable for a
given problem, it is always safe to specify finite sliding.

5.8. Slave and master surfaces

In a contact interaction, specification of master and slave roles is important as it could have significant
impact on the results. It can also have an effect on performance and solution could become expensive .

Contact pairs in Abaqus/Standard use a pure master-slave contact algorithm. Therefore, it is important to
select the slave and master surfaces correctly in order to achieve the best possible results. Some simple
rules to follow are:

1. Analytical rigid surfaces and rigid-element-based surfaces must always be the master surface.

Among the two surfaces attached to deformable bodies, it is best to choose the smaller surface as the
slave surface. If that distinction cannot be made, the master surface should be chosen as the surface of
the stiffer body or as the surface with the coarser mesh if the two surfaces are on structures with
comparable stiffness. If the stiffness and mesh density are the same on both surfaces, the preferred
choice is not always obvious. (The stiffness of the structure and not just the material should be
considered when choosing the master and slave surface. For example, a steel component may be less
stiff than a large component of aluminum even though the steel has a higher modulus of elasticity than
the aluminum.)

The choice of master and slave roles is particularly important for node-to-surface contact.

The general contact in Abaqus/Standard automatically assigns master and slave roles for contact
interactions. The general contact algorithm in Abaqus/Explicit uses balanced master-slave weighting
whenever possible (pure master-slave weighting is used for general contact interactions involving node-
based surfaces). For balanced master-slave contact, Abaqus/Explicit calculates the contact constraints
twice: once with the first surface acting as the master surface and once with the second surface acting as
the master surface. The weighted average of the two corrections (or forces) is applied to the contact
interaction. For the contact pair algorithm, Abaqus/Explicit will decide which type of weighting to use for
a given contact pair based on the nature of the two surfaces involved and the constraint enforcement
method used.

5.9. Discretization of contact pair surfaces

There are different possibilities to formulate the contact constraints. Similarly contact constraints can be
applied at various locations on interacting surfaces. The conditions and location of these constraints
depend upon the contact discretization applied to the interacting surfaces. There are different discretization
available in literature, e.g. node-to-node, node-to-surface and surface-to-surface discretization.

Abaqus/Standard offers two contact discretization options: ‘“node-to-surface” discretization and “‘surface-
to-surface” discretization.
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a. Node-to-surface contact discretization

With node-to-surface discretization, each node on the slave surface effectively interacts with a point of
projection on the master surface on the opposite side of the contact interface. The slave nodes are
constrained not to penetrate into the master surface. Figure 54 shows a finely meshed slave surface
contacting a coarsely meshed master surface.

master surface slave surface

_

Figure 54: Node-to-surface discretization with a finely meshed slave surface

The algorithm places no restriction on the master surface; it can penetrate the slave surface. Figure 55
shows a finely meshed master surface contacting a coarsely meshed slave surface. It can be seen that
master surface has penetrated the coarsely meshed slave surface.

=
master surface slave surface \[

Figure 55: Node-to-surface discretization with a finely meshed master surface

The only information needed for the slave surface is the location and surface area associated with each
node. Thus a a node-based surface (a surface consisting of a group of nodes) can be used as the slave
surface. Node-to-surface discretization is available even if a node-based surface is not used in a contact
pair definition.
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b. Surface-to-surface contact discretization

The surface-to-surface formulation enforces contact conditions in an average sense over regions nearby
slave nodes rather than only at individual slave nodes. The averaging regions are approximately centered
on slave nodes, so each contact constraint will predominantly consider one slave node but will also
consider adjacent slave nodes. Some penetration may occur at individual nodes; however, large
penetrations of master nodes into the slave surface do not happen.

Figure 56 shows a finely meshed slave surface contacting a coarsely meshed master surface when surface-
to-surface discretization is used.

master surface slave surface

Figure 56: Surface-to-surface discretization with a finely meshed slave surface

Figure 57 shows a finely meshed master surface contacting a coarsely meshed slave surface when surface-
to-surface discretization is used. It can be seen that only a small penetration has occurred as compared to
the node-to-surface discretization.

master surface slave surface

Figure 57: Surface-to-surface discretization with a finely meshed master surface
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In general, surface-to-surface discretization provides more accurate stress and pressure results than node-
to-surface discretization. As the mesh is refined, the difference in simulation results between the
discretizations reduces, but for a given mesh refinement the surface-to-surface approach tends to provide
more accurate stresses. Contact using surface-to-surface discretization is also less sensitive to master and
slave surface designations than node-to-surface contact.

The primary mechanism for enforcing contact in Abaqus/Explicit is node-to-face contact.
5.10. Defining Surfaces

An important aspect of defining contact interactions is to specify surfaces on the bodies that may
potentially come into contact. The following type of surfaces can be defied in Abaqus.

e Flement-based surface
¢ Node-based surfaces
e Analytical rigid surfaces

Element-based surface

Element-based surfaces are defined on the faces or edges of elements. If the surface is defined on rigid
elements, it is called a rigid surface and if it is defined on deformable elements, it is called a deformable
surface. In Abaqus/CAE, when a surface is defined by picking geometry on a part instance, Abaqus creates
the element-based surface internally by grouping the faces of underlying elements. This is illustrated
schematically in the Figure 58.

Surface defined in Abaqus/CAE Internal element-based surface

Figure 58: Definition of an element-based surface

Node-based surfaces

Node-based surfaces are defined by specifying the nodes or node sets. A node-based surface can only be
used as a slave surface.

Element-based surfaces contain more intrinsic information, e.g. surface area, than node-based surfaces. If

an element-based surface is used in a contact analysis, Abaqus can calculate the contact stress accurately
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as it can associate surface area with each node.

Analytical Rigid Surfaces

Analytical rigid surfaces are geometric surfaces with profiles that can be described with straight and
curved line segments. These profiles can be extruded or rotated about an axis to form a three-dimensional
surface.

Analytical rigid surfaces as compared to rigid surfaces formed by element faces result in a smoother
surface description, which can reduce contact noise, and also results in decreased computational cost for a
contact analysis. However the range of shapes that can be created with an analytical rigid surface are
limited.

5.11. Solution Algorithm

In the previous section, Newton-Raphson method has been described in detail for the solution of nonlinear
problems. Now it will be described how this method is used for solving contact problems.

For contact problems, Abaqus/Standard checks the status of all contacting surfaces at the beginning of each
increment to determine whether slave nodes are open or closed. Then an iteration is performed and updated
configuration of the model is determined. In the updated configuration changes in contact conditions at
slave nodes are checked. If the clearance becomes negative (overclosure) or zero at any node, its status is
changed to closed. If the contact pressure becomes negative at any node, its status is changed to open. An
iteration in which the contact state at the end of the iteration is different from the initially determined state
is classified as severe discontinuity iteration (SDI). Figure 59 shows the different states of slave nodes
when “hard” contact behavior is enforced.
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Figure 59: Different states of slave nodes in a hard contact relationship
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By default, Abaqus/Standard continues to iterate until the severe discontinuities are sufficiently small or no
severe discontinuities happen. So if the magnitude of the penetration and force errors are within the
tolerances, the contact changes will not affect the solution convergence although the iteration will be
labeled as SDI . The solution procedure for problems with contact interactions is shown schematically in
the Figure 60.
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Figure 60: Solution algorithm for solving problems with contact in Abaqus/Standard

Abaqus/Standard distinguishes between an equilibrium iteration (an iteration in which no severe
discontinuities occur) and a severe discontinuity iteration (an iteration in which contact changes occur).
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Job Diagnostics dialog box gives the summary for each increment providing the information how many
iterations are severe discontinuity iterations and how many are equilibrium iterations.

Abaqus/Explicit determines a solution to a given problem without iterating by explicitly advancing the
kinematic state from the previous increment. Abaqus/Explicit usually resolves complicated contact
problems and other discontinuous nonlinearities more easily than Abaqus/Standard.
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6. Finite Element Discretization

The traditional Lagrangian meshes generally offer computational efficiency and accuracy, but this
formulation tends to exhibit mesh distortion and loss of accuracy for models undergoing large deformation.
For such problems Eulerian meshes present an effective alternative solution technique. In a traditional
Lagrangian analysis nodes are fixed within the material, and elements deform as the material deforms.
Lagrangian elements are always 100% full of a single material, so the material boundary coincides with an
element boundary. By contrast, in an Eulerian analysis nodes are fixed in space, and material flows
through elements that do not deform. Eulerian elements may not always be 100% full of material. The
Eulerian formulation trades some accuracy of geometry and results, for robustness in analyses involving
very large deformations. In situations where the Lagrangian formulation yields an unreliable solution or no
solution at all, e.g. large deformation problems, the Eulerian formulation can be used to obtain a reasonable
solution.

Material
— Mesh

Eulerian description

yT_» fefejef

X Lagrangian description

Figure 61: Schematic representation of the Eulerian and the Lagrangian approaches

Lagrangian and Eulerian elements can be combined in the same model using a technique known as coupled
Eulerian-Lagrangian (CEL) analysis. In a CEL analysis bodies that undergo large deformations are meshed
with Eulerian elements, while stiffer bodies in the model are meshed with Lagrangian elements. This
technique is effective for applications involving fluid-structure interaction. Another approach to solve
fluid-structure interaction problems is to use smoothed particle hydrodynamic (SPH) method. In this
method nodes and elements are not defined as one would normally define in a finite element analysis;
instead, only a collection of points are necessary to represent a given body. In SPH method these nodes are
commonly referred to as particles or pseudo-particles.

One of the challenging questions in finite element modeling is how to choose a mesh density for a domain.
It is desired to have a fine enough mesh to give accurate results, but a finer mesh requires more
computational resources. Furthermore a mesh that is appropriate for the original domain can become
unsuitable in later stages of a process involving large deformation. In such scenarios adaptivity techniques
can be used that help to optimize a mesh and, therefore, obtain an efficient and accurate solution. The
adaptivity techniques use solution-dependent processes to adapt the mesh to meet analysis goals.
Following three adaptivity techniques are frequently used in FE modeling.

63



Solving Nonlinear Problems Abaqus 2017

® ALE Adaptive meshing
® Adaptive remeshing
® Mesh-to-mesh solution mapping

6.1. ALE Adaptive meshing

Arbitrary Lagrangian-Eulerian (ALE) adaptive meshing provides control of mesh distortion. It uses a
single mesh definition that is gradually smoothed within an analysis step. The smoothing is typically
applied frequently within the analysis step. It does not alter the topology of the mesh. That means that the
nodes are repositioned to maintain a high quality mesh upon deformation but no new elements are
generated. This method can often maintain a high-quality mesh under severe material deformation. ALE
adaptive meshing is distinct from the pure Eulerian meshing as ALE elements are always 100% full of
material while pure Eulerian elements may not always be 100% full of material. This technique is often
used to control element distortion in cases where large deformation or loss of material occurs.
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Figure 62: Simulation of forging process

ALE adaptive meshing is especially effective for simulations of metal forming processes such as extrusion,
forging, and rolling. In such processes, the final shape of the product is usually drastically different from
the original shape resulting in large material deformation. The large material deformation results in severe
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element distortion and entanglement. Element aspect ratios can also degrade in regions with higher
localized strains. This can lead to a loss of accuracy, increase in number of increments required to
complete a step, or even termination of the analysis. It can be said that a mesh that is appropriate for the
original product geometry can become unsuitable in later stages of the process involving large deformation.
Adaptive meshing technique gradually smooths the mesh during an analysis step which reduces the mesh
distortion and thus maintain a high quality mesh. Figure 62 shows the simulation of forging process with
and without ALE adaptive meshing. In this problem a rigid die of sinusoidal shape moves down to deform
a blank. The analysis performed without using ALE adaptive meshing experiences convergence issues due
to excessive distortion and contact condition cannot be treated correctly due to gross distortion of the
elements. For the same problem when the ALE adaptive meshing is used, mesh is updated continuously

and contact conditions are resolved correctly.

ALE adaptive meshing can also be used to control element distortion in cases where loss of material occurs
e.g. metal cutting process. Figure 63 shows the simulation of metal cutting process without and with ALE

adaptive meshing.
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Figure 63: Simulating the metal cutting process

6.2. Adaptive remeshing

Adaptive remeshing is typically used for accuracy control. The adaptive remeshing process refines the
selected regions of a product geometry according to a remeshing rule. A remeshing rule generally specifies
the error indicator output variables, targets for those error indicators, and any constraints on element size.
Adaptive remeshing can improve the quality of simulation results. Is is usually used when one is unsure
how refined a mesh is needed to reach a particular level of accuracy or when it is difficult to create an

adequately refined mesh near a region of interest.
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The adaptive remeshing process involves the iterative generation of multiple dissimilar meshes to
determine a single, optimized mesh that is used throughout an analysis. The goal of adaptive remeshing is
to obtain a solution that satisfies mesh discretization error indicator, while minimizing the number of
elements and, hence, the cost of analysis.

For an adaptive remeshing process a region of the model and adaptive remeshing rules need to be specified.
A number of analysis jobs are run to meet the remeshing rule targets. Selected error indicator output
variables are written after each analysis iteration. The output variables are used in a sizing function to
compute element sizes for a new mesh. Then a new mesh is generated in the regions specified according to
the computed element sizes. The neighboring regions are also remeshed. Adaptive remeshing can be used
to obtain a mesh that provides a balance between computational cost and solution accuracy. Figure 64
shows the simulation results of a bracket with and without adaptive remeshing.

Max: +1.78e+05 Max: +1.992e+05

Solution without Adaptive Remeshing Solution with Adaptive Remeshing

Figure 64: Simulation of a bracket with and without using adaptive remeshing

6.3. Mesh-to-mesh solution mapping

Mesh-to-mesh solution mapping is used to control element distortion in cases where large deformation
occurs by replacing the mesh and continuing the analysis.

ALE adaptive meshing operates on original mesh definition therefore it is only useful when a single mesh
can be effective for the duration of a simulation. On the other hand, mesh-to-mesh solution mapping is
used when a single mesh cannot be effective for the duration of a simulation. Each mesh subsequent to the
initial configuration reflects a solution-dependent deformed configuration of the model. Therefore,
analyses that use mesh replacement are sequentially dependent.

66



7. Exercises

This section consists of hands-on exercises providing intensive instructions to perform analysis of
nonlinear problems using Abaqus. These exercises are arranged as follows:

Exercise 01 to Exercise 14 deal with problems involving geometric nonlinearities.
Exercise 15 to Exercise 16 deal with problems involving force nonlinearities.
Exercise 17 to Exercise 24 deal with problems involving material nonlinearities.
Exercise 25 to Exercise 27 deal with problems involving boundary nonlinearities.
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